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Abstract. In this paper, we will consider the boundary quotient graphs. Let 
G be a finite directed graph with its vertex set V{G) and its edge set E(G). The 
boundary 9 of G is a subset of the vertex set V{G). For the given boundary d C 
y(G), we give an boundary quotient : if vi, V2 G d, then vi = V2, for all vi, V2 
£ d Then we can construct a new graph Gg = G / d called the 9-quotient graph 
of G. In Chapter 1, we restrict our interests to the finite simplicial directed 
graphs. We will observe some properties of G / d. In particular, we show that 
all total boundary quotient graphs has the same type, where total boundary 
d is V{G). Every total boundary quotient graph is graph-isomorphic to one- 
vertex-|E(G)|-loop-edge graph. In fact, every total boundary quotient graph 
of a finite directed graph is graph-isomorphic to the one-vertex-multi-loop- 
edge graph. This result shows that boundary quotient d is not an invariants 
on finite simplicial directed graphs. However, we show that the "admissible" 
boundary quotient is an invariant on finite simplicial directed graphs with 
mixed maximal types. In Chapter 2, we consider arbitrary finite directed 
graphs and define the subgraph boundary quotient djj of the given graph G, 
where H is a, full subgraph of G. The subgraph boundary dn is defined by 
the set V{H) U E(H). By identifying all element in du in G, we can get 
the subgraph boundary quotient graph G / du- Define the subgraph index 
indaidu) of G with respect to H, by the exponetial of V{G / du) U E{G / 
Oh). We will observe the properties of the subgraph boundary index of finite 
directed graphs. In particular, we can get that IndQ(dH) = » where 

1 is the trivial graph. 

In this paper, we will consider boundary quotient graphs. Let G be a finite 
directed graph with its vertex set V{G) and its edge set E{G). A boundary d of 
the graph G is defined by a subset of V{G). For the fixed boundary d of G, the 
boundary quotient, also denoted by d, is defined by the following relations; 

(i) All elements in d are identified, i.e., if vi ^ V2 ^ d, then we assume that vi 
= W2, for all vi, V2 G d. In other words, the boundary d makes a base point vg, as 
the identified vertices by d. 

(ii) If vi 7^ W2 in 9 and if there exists an edge e connecting vi and V2, then the 
edge e is replaced by a loop-edge concentrated on the base point vg- 
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The loop-edges in (ii) are called the i9- loop-edges at the base point vo- Also, the 
edges in E{G), which are not affected by the boundary quotient d, are said to be 
non-9. We define a boundary quotient graph G / 9 of G by 9, by the directed graph 
Q with its vertex set 

V{Q) = {vd} U{vG V{G) :v^d} 

and its edge set 

E{Q) = {e G E{G) : e is non-a} 

U {Z : Z is a 9-loop-edges at vg}. 

We say that the boundary d is total, if 9 = V{G). 

In Chapter 1, we will consider some properties of boundary quotient graph Q 
= G / d. We will show that the total boundary quotient graph G / 9i of a finite 
simplicial directed graph G is graph-isomorphic to the one-vertex-|i?(G)|-loop-edge 
graph L\E{G) \ i where dt is the total boundary of G. This shows us that the boundary 
quotient is generally not an invariant on finite simplicial directed graphs. For 
example, if Cn is a one-flow circulant graph and if T^+i is a flnite directed tree 
with {N + l)-vcrtices, then clearly graphs Cm and T^+i is not graph-isomorphic. 
However, the total boundary quotient graphs Gjv / dc^ and Tjv+i / Otm+i are 
graph-isomorphic, because both of them are graph-isomorphic to the graph L^r, 
where ijv is the one- vertex- A''-loop-edge graph. 

We also define so-called the admissible boundaries and the admissible bound- 
ary quotient graphs. Let G be a finite simplicial directed graph. The admissible 
boundary da of G is defined by a boundary with the following condition; 

{vi,V2} C da "^=> there is no finite path connecting v\ and V2 on G. 

The admissible boundary quotient da is in general not an invariant on finite 
simplicial directed graphs. However, we show that the admissible boundary quotient 
is an invariant on the finite simplicial connected directed graph with mixed 
niEtximal type. 

In Chapter 2, we introduce the subgraph boundaries which is different from the 
boundaries defined in Chapter 1. Let G be a finite directed graph (not necesarily 
simplicial) and let be a full subgraph of G. Then the boundary Oh = V{H) U 
E{H) is called the subgraph boimdary of G with respect to H. Similar to Chapter 
1, by identifying all elements in Oh to the base point vqh-, we can construct the 
subgraph boundary quotient graph G / Oh- Notice that, 

\ViG/dH)\ = \ViG)\-\vm + l, 
\E{G/dH)\ = \E{G)\-\E{H)\ 

and hence 
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\V{G) U E{G)\ = \V{G) U E{G)\ - \V{H) U E{H)\ + 1. 

By using the above quantity, we will define the subgraph boundary index IndciH) 
of a full subgraph H of G, by 

IndG{H)=e^p{\G / dnl-l). 

If we denote 1 as the trivial graph (the one- vertex-no-edge graph), then we can 
get that 

We will consider this quantity in detail in Chapter 2. 



1. Boundary Quotient Graphs 



In this chapter, we will define a boundary quotient graph G / d and observe some 
properties of it. Throughout this chapter, let G be a finite simplicial directed graph 
with its vertex set V{G) and its edge set E[G). Since the graph G is simplicial, 
this graph contains neither multiple edges between two vertices nor loop-edges. For 
example, all growing trees and all one-flow circulant graphs are simplicial graphs. 
The boundary 9 of G is defined by a subset of V{G). The boundary quotient graph 
G / d is defined by a graph Q under the boundary quotient, also denoted by d. 



1.1. Boundary Quotient Graphs. 

Let G be the given finite simplicial directed graph. 



Definition 1.1. A boundary d of G is a subset of V{G). If d = V{G), we will 
say that d is total in G. Otherwise, we say that d is proper in G. The boundary 
quotient of d is defined by the following relations; 

(Rl) All vertices in d are identified to the point vg. This new point vg is called 
the base point of d. i.e., if vi ^ V2 in d, then identify vi and V2 with the base point 
vg. 

(R2) If vi 7^ f2 in d and if there exists a direct edge e connecting vi and V2, 
then identify e to the loop-edge le at the base point vg. 
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The boundary quotient with (Rl) and (R2) is also denoted by d, if there is no 
confusion. 

We say that the edges of G, which are not affected by the boundary quotient 
d, are non-9 edges. Also, the loop-edges constructed by (R2) of d, are said to be 
9-loop-edges at the base point vg. With respect to the fixed boundary quotient d 
on the given graph G, we will define the corresponding boundary quotient graph G 
Id. 

Definition 1.2. The boundary quotient graph G / d is a finite directed (non- 
simplicial) graph Q with its vertex set 

V{Q) = {ve} U{vG V{G) : v e V{G) \ 8} 

and its edge set 

E{Q) = {e G E{G) : e is non-d) U {I -.1 is a d-loop-edge). 

Prom now, for convenience, we will denote e = V\ev2, where e is an edge con- 
necting fi and V2 with the direction from vi to V2. (i-c., e is an edge with its initial 
vertex vi and its terminal vertex V2.) Also, if w = ei ... is a finite path with its 
length fc, with the admissible edges ei, Cfe and if e\ = v\e\v' and Cfe = v"ekV2, 
then we write w ~ viwv2 to emphasize the initial and terminal vertices of w. We 
give some fundamental examples of boundary quotient graphs. 

Example 1.1. Let G be a graph with V{G) = {v\, V2} and E{G) = {e = V\ev2}. 

Suppose we have the total boundary d = V{G). Then, by the boundary quotient d, we 
can get the boundary quotient graph G / d, as a graph Q with its vertex set V{Q) = 
{vg} and E{Q) = {1^ = vg Ig vg}. i.e., the graph Q is the one-vertex-one-loop-edge 
graph. The d-loop edge Ig is constructed from the edge e. 

Example 1.2. Let G be a graph with V{G) = {vi, V2, v^} and E{G) — {ei = vi ei 
V2, 62 = vi 62 V3}. Suppose wc havc a 812 = {vi, V2}- Then the boundary quotient 
graph G / 812 is a graph Q12 with V{Qi2) = {vg^^, V3} and E{Qi2) = {1^ = vg^^ 
lei ■^■9i2J ^2}- Similarly, if we have the boundary 813 — {vi, v^}, then we have the 
boundary quotient graph G / di^, as a graph Q13 with V{Qi3) — {van, ^2} and 
EiQis) = {I vg^.,_. 61}. No'w, the boundary 8 is total in G. i.e., 8 = 

V{G). Then the boundary quotient graph G / 8 is the graph Q with V{Q) = {vg} 
and E{Q) = {1^^ = Vg Ig^ vg, Ig^ = vg Ig^ vg}. 

Define the one-flow circulant graph Cn, as a graph K with its vertex set V{K) 
= {vi, vn} and its edge set 

E{K) = {cj = VjCjVj+i : j = 1, N, and vn+i vi}. 
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Example 1.3. Let G be a one-flow circulant graph C3. Suppose we have the total 
boundary d = V{G). Then the corresponding boundary quotient graph G / d is the 
graph Q with V{G) = {vg} and E{G) = {Isj = vg le, : j = 1, 2, 3}. So, the 
graph G / d is the one-vertex-three-loop- edge graph. 

Let Gi and G2 be finite simplicial directed graphs and let vi and V2 be arbitrary 
fixed vertices of Gi and G2, respectively. Define the vertex- fixed glued graph 
Gi #viH=v^ G2 at the glued vertex vi # V2 by the graph G with the following 
conditions; 

(CI) Identify vi and V2- This identified vertex Vi^V2 in G is called the glued 
vertex. 

(C2) ViG) = {vi#V2}UiViGi) \ {vi})U{V{G2) \ {%})• 
(C3) E{G) = E{Gi)UE{G2). 

Inductively, we can have the vertex-fixed glued graph Gi ... 
Gm, for m G N, at its glued vertex vi # ... # Vm- The vertex- fixed glued graphs are 
depending on the choice of their glued vertices, i.e., the vertex-fixed glued graph 
Gi #u ... #v Gm at the glued vertex v = vi ... # Vm and the vertex- fixed 
glued graph Gi ... Gm at the glued vertex v' = v[ ij^ ... # v'^ are not 
graph-isomorphic, in general, if Vj 7^ v'j, for some j in {1, m}. 

Proposition 1.1. Let Gj be one-flow circulant graph Cn^, for all j = 1, m. 
Then the vertex-fixed glued graph Gi # ... # Gm is independent of the choice of 
glued vertex, up to graph-isomorphisms. □ 

The above proposition is easily proved, by the definition of the circulant graphs 
and graph-isomorphisms. 

Example 1.4. Let G be a one- flow circulant graph G4 and let the boundary d is 
{vi, V2}- Then the boundary quotient graph G / d is the graph Q with V{Q) = {vg, 
V3, V4} and E{G) = {/ei = vg 1,,^ vg, 62, 63, 64}. Notice that this graph Q is the 
vertex-fixed glued graph Gi G2, where Gi is the graph with V{G) — {vg} and 
E(G) = {/ei} o-nd G2 is the graph with V{G2) = {vg, V2, V3} and E{G) = {€2, 63, 
64}. Moreover, the graph Gi is graph-isomorphic to the one-vertex-one-edge graph 
and the graph G2 is graph-isomorphic to the one- flow circulant graph G3. 

We will define the following special types on the finite directed simplicial graphs. 

Definition 1.3. (1) Let G be a graph which is graph-isomorphic to Cn, the one-flow 
circulant graphs with n-vertices. Then the graph G is said to be of type Cn. 

(2) We say that a graph G is of type Lm, if the graph G is graph-isomorphic to 
the one-vertex-m-loop-edge graph. 

(3) A graph G is of type T if G is isomorphic to a directed tree T. 
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(4) A graph G is of mixed type if there exists full subgraphs Gi, G„ of G such 
that (i) {Gi, Gn) is the minimal covering of G and (ii) Gj is of type Cn or of 
type Lm or of type T, for j = 1, n. (Since a graph G is finite, we can always 
choose such finite covering consisted of full subgraphs.) 

Proposition 1.2. Let G be a one-flow circulant graph Cn and let d be the total 
boundary of G. Then the boundary quotient graph G / d is the graph of type Ln- 

Proof. Let G be a one-flow circulant graph and let d = V{G) be the total boundary 
of G. Then, by the boundary quotient, the graph G / d is a graph Q with V{Q) = 
{vg} and E{Q) = {Ig. = vg Ig^ vg : j = 1, A''}, where e^-'s are edges ej = vj ej 

let 

Vj+i in E{G), for all j = 1, N, with Wjv+i = fi- Therefore, the graph G / d is 
of type Ln- I 

More generally, we can get that; 

Proposition 1.3. (1) Let G be a one-flow circulant graph Cn and let dk ~ {vj, 
Vj-^-i, Vj-^-k-l} be a boundary consisting of k-vertices, where I < j < N and 2 
<j + k<N + l. Then the boundary quotient graph G / d is of mixed type {L}. , 

CN-k)- 

(2) LetG be a one-flow circulant graph Cn and let dk = {vj-^, Vj^..., where 

(ill in) is a sequence in {1, A'^}, for n < N satisfying that jk+i = jk + tk, 
for tk > 1 and for k = 1, n. Then the boundary quotient graph G / dk is of 
type {Cj^-i, Ct2-i, Cts-i, Cn-j^-i, CN-j„)- 

Proof. (1) Suppose 1 < j < N and 1 < j + k — 1 < N. Consider the full subgraph L 

of G with its vertex set V{L) = dk- Then, by the previous proposition, the boundary 
quotient graph L / d is oi type Lk- With respect to the base point vg, there exists 
subgraph K of type (A'' —k) such that G / d = L #„g K. i.e., the boundary quotient 
graph G / d is the glued graph L K of maximal type, with the base point vg, 
where Gi is of type Lk and G2 is of type CN-k- 

(2) The boundary quotient graph G / dk satisfies that G / dk is graph-isomorphic 
to the glued graph Ki K2 fj^vg ■■■ #i;a K-a, with its glued vertex (which is the 
base point of G / dk), where Ki is of type Cj^-i and is of type Ct^-i, for each 
i = 1, n — 1, and Kn is of type CN-jn- I 

Let T/v be a finite directed tree with A^- vertices. The given tree Tjv is said to be 
a growing tree if there exists the root vertex vq, and there always exists a unique 
finite path Wy = vo w v on T/v, for all other vertex w 7^ in V{G). Thus the 
growing tree Tn has only one-flow from the root vertex vq. 
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Proposition 1.4. Let Tm he a tree with N -vertices and let d he the total boundary 
oJTn- Then the houndary quotient graph Tn / d is of type Ljv-i- □ 



The above proposition is proved by induction. The above proposition says that 
if T is a tree and if 9 = V(T) is the total boundary, then T is of type L\^e{t)\- Also, 
it says that the total boundary quotient is not an invariants on finite simplicial 
graphs. Since the total boundary quotient of Cn-i is also type Ln-i- Trivially the 
graphs Cn-1 and Tn are not graph-isomorphic. But their total boundary quotient 
graphs are of type Ljv-i- Thus the total boundary quotient is not an invariants on 
graphs. 

Notice that every finite connected simplicial directed graph G is graph-isomorphic 
the iterated glued graph 

Gi#vi {G2#V2 (G'3#t)3(G4#^4...(G„#„„G„+i))) 

of trees, circulant graphs and trivial graphs. Different from the vertex-fixed 
glued graph case, it is not necessary that v\ = V2 ■■■ = Vn- Remark that the 
iterated glued graphs of G are not uniquely determined. But we can choose the 
maximal one-flow circulant full subgraphs in G and the maximal sub-trees in G, 
in their neighborhoods. Also, if we fix the subset V of the vertex set V{G), then 
we can choose the maximal one-fiow circulant full subgraphs and the maximal full 
sub-trees in G, with respect to the fixed vertices in V. For example, let G be a 
graph with 

V{G) = {v^, vs} 

and 

ei = vieiV2, 62 = V2e2V3, 
^iQ\ = J ^3 = v^e^v^, 64 = v^EaVa, ^ 

I 65 = VaBqVi, 66 = VsBeVe, 

67 = veervr, es = wees^s 

Fix a boundary di = {v2, U5, Vs}- Then, for the fixed vertices 112, V5 and vs, we 
can choose the full subgraphs Gi, G2 and G3, as graphs with 

V{Gi) = {v2,V3,V5} and £'(Gi) = {62, 63}, 
V{G2) = {vi,V2,va,V5} and £;(G2) = {61, 64, 65}, 

and 

ViGs) = {v5, ve, V7, Vs} and £'(G3) = {66, 67, 63}. 

All those three full subgraphs are trees. Then the boundary quotient graph G / 
di is the glued graph 
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where G[ is of type C2 , G'2 is of type C3 and G3 is of type C2 and where G4 is a 
tree with V{G4) = {vq, vr} and E{G4) = {e?}. Also, we have the following iterated 
glued graph of the above given graph G; 



where 



V{Ki) = {vi,V2} and E{Ki) = {e^}, 
V{K2) = {V2,V3} and ^(i^a) = {ea}, 
V{K3) = {V3,V4} and EiK-,) ^ {e^}, 
V{K4) = {v4,V5,ve} and E{K4) = {64,65}, 
V{K5) = {vi,v^} and EiK^) = {e^}, 
V{Ke) = {vi} and E{Ke) = 0, 
F(i^7) = {^^4,t^6} and E{Kr) = {e^} 

and 

''^(-f'^s) = {V6,V7,V8} and i;(ii'8) = {er.es}. 

The above example shows us that the iterated glued graph of the graph-isomorphic 
graph is not uniquely determined.. However, we can choose the iterated glued graph 
of a given graph by the maximal CT-iterated glued graph. 

Definition 1.4. Let G be a finite connected simplicial directed graph. A CT- 
iterated glued graph ofG is the graph-isomorphic graph K — Ki ^y-^ K2 ... =f/=y^^Kn+i: 
where each Kj is a full subgraph of G which is of type Gn or of type T or of type 
1, for j = 1, n -\- 1. A graph is of type 1, if it is the trivial graph which is the 
one-vertex-no- edge graph. We say that the CT-iterated glued graph K is maximal 
if each gluing components Kj 's are the maximal full subgraphs satisfying the type, 
in its neighborhood of G. The maximal type {t\, of G is defined by 

{Cnj if Kj is of type Cn^ 
T if Kj is of type T 

1 if Kj is the trivial graph, 

for j = 1, n + 1. (Recall that, by definition. Cm is the one- flow circulant 
graph and T is a tree.) The type of the maximal CT-iterated glued graph is called 
the maximal type of G. 

In the above example, the first iterated glued graph of G is a GT-iterated glued 

graph which is not maximal. The second iterated graph of G is an iterated glued 
graph of G which is not a GT-iterated glued graph. The following glued graph of 
G is the maximal GT-iterated glued graph of G; 



with 

y(Gi) = {vi,V2-,V2„V4,V5} and £;(Gi) = {61,62,63,64,65} 
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and 

V{G2) = {v5, ve, vr, vs} and £'(^2) = {ee, 67, eg}, 

where Gi is of type C5 and G2 is of type T/^, where T4 is the graph with V{T4) 
= {bi, &2, 63, ^4} and E{T4) = {/i, /2, /s}, where /i = h fi 62, /2 = &2 /2 ^3 and 
/s = &2 /3 i-e., the maximal CT-iterated glued graph Gi G2 of G is of its 
maximal type {C5, T4). 

In the above definition, we introduced the trivial graph. The trivial graphs are 
needed for finding the maximal GT-iterated glued graph. For example, let G be 
a graph with V{G) = {vi, V2} and E{G) = {ei = vi e\ V2, £2 = V2 62 vi}. This 
graph has the following maximal GT-iterated glued graph K, 

K = K, K2 Ks, 

with 

V{K,) = {vi, V2} and E{K,) = {a}, 

V{K2) = {VUV2} and E{K2) = {e2} 

and 

ViKs) = {vi} and E{K3) = 0. 

Remark that K3 is the trivial graph of its type 1. So, this graph G is of mixed 
maximal type (T, T', 1), where T = Ki and T' = K2. We can have the following 
lemma. 

Lemma 1.5. Let G be a finite simplicial directed graph. Then there always exists 
the maximal CT-iterated glued graph. Futhermore, the maximal CT-iterated glued 
graph is uniquely determined, up to graph-isomorphisms. 



Proof. Let G be the given graph. Then this graph is the disjoint union of Gi, 
G„, where Gj is the connected component of G, for j = 1, n. Since G is finite 
simplicial, all Gj's are also finite simplicial. By the simplicity of Gj, this graph Gj 
does not contain the loop-edges and multiple edges. So, graphically, we can choose 
the full subgraphs Gji, Cju^ , where Gji is of type Gat^ or of type T^. or og type 
1, for i = 1, nj and for all j = 1, n. By the Axiom of Choice, we can choose 
such maximal family. 

Now, assume that Ki and K2 are maximal GT-iterated glued graphs of G. For 
convenience, suppose that the given graph G is connected. Let's assume that Ki 
and K2 are not graph-isomorphic. Without loss of generality, we may suppose that 
Ki (resp. K2) has i^i^, Ki^ (resp. ifji, Kj^) gluing components which are 
of type GjVjj, GjVj^ (resp. Gjv^^ , Gnj^), respectively, and s ^ t in N. Also, 
assume that s < t. By the maximality, K2 cannot be the maximal GT-iterated 
glued graph of G. | 
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The above lemma says that every finite simpHcial directed graph is graph- 
isomorphic to the maximal CT-iterated glued graph of maximal type ((Ci, 
C„), (Ti, Tk), (1, 1)). Therefore, we can conclude that the boundary quo- 
tient graph G / d is, in general, of maximal type ((I/i, Lm), (Ci, C„), (Ti, 

Tk), (1, 1)). 

Theorem 1.6. Let G he an arbitrary finite simplicial graph and let d be a boundary 
ofG. Then, in general, the quotient graph G / d is of maximal type {{Lm^, ... Lm^), 
(Cjv„ Cn^), (Tfc,, TkJ, (1, 1)), where \E{G)\ = E;=i + 

Proof. Let G and d be given and assume that G is connected. By the previous 
lemma, the graph G is graph-isomorphic to the maximal CT-iterated glued graph 
of Gi, Gn, where Gj is either of type C„^. or of type Tk-, for j = 1, n. By 
regarding each gluing component Gj as the full subgraph Kj of G, we can get the 
subboundary dj, for each j. i.e., dj = V{Gj) fl d. Notice that we have the boundary 
quotient graph G / d is the vertex-fixed glued graph of G / dj, j = 1, n, with 
its glued vertex = v^-^ # ••• # vg^. By the previous propositions, if Gj is of type 
Cn^ (or of type TfeJ, then Gj / dj is of maximal type of (Lm^ , {Cn^,!, Cat^,™, )), 
(resp. of maximal type (L„^, {Cn^,i, Cw^.m^), (T^i.fci, •-, Tj^kj))) for j = 1, 
n. Since G / d = (Gi / di) #^,3 ... #i,g (G„ / dn), it is of maximal type with L^s, 
Gat's and T's. Remark that \E{G / d)\ = \E{G)\. Therefore, 

\EiG)\=m + Y:=iN,+j:Z,kr. 

Now, suppose that the graph G is the disjoint union of finite simplicial connected 
directed graphs Gi, Gfe. Then, for each Gfe, we have the above result. And hence 
we can get the desired result. | 

If we consider the total boundary quotient graph, we have the following simple 
results; 

Theorem 1.7. Let G be a finite connected simplicial directed graph and let d be 
the total boundary ofG. Then the boundary quotient graph G / d is of type L\e{g)\- 

Proof. By the previous lemma, G is graph-isomorphic to the maximal GT-iterated 

glued graph K with its gluing components Ki, Kn- Then each Kj is of type Cm 
or type T or of type 1. Notice that if d is total in G, then 

G/a = (/fi/ai)#... #(i^„/a„), 

where the right-hand side is the vertex-fixed glued graph and where dj = d r\ 

V{Kj) = V{Kj), for i = 1, n. If Kj is trivial, then Kj j dj is trivial. If Kj is 
either of type Cn or of type T, then Kj j dj is of type L\^E{Kj)\ - Therefore, we can 
conclude the result. | 
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1.2. General Total Boundary Quotient Graphs. 

In the previous section, we only considered the finite simplicial directed graphs. 
We say that the directed graph G is finite if < oo and < oo. However, 

they may have the loop-edges and multiple edges between two vertices. However, 
we can extend the above results in Section 1.1 to the general finite graph cases. 
Moreover, we have that 

Theorem 1.8. Let G be a finite directed graph and d, the total boundary of G. 
Then the total boundary quotient graph G / d of G is of type i|_E(G)j- ^ 

We cannot use the maximal CT-iterated glued graph tc'clmiquc to prove the 
above geneal case. But we can use the edge-iterated glued graph of G. If there 
are multiple edges ei, connecting vi and U2, with same direction. Take the 

full subgraph Kj with V{Kj) = {ui, v^} and E{Kj) = {ej}, for j = 1, k. If 
we identify the vertex Vi and V2, then we have {Ki / {fi, V2}) ifvi#v2 ■■■ #t!i#j)2 
{Kk I {v\, W2}) of type Lfc. So, if we construct the edge-iterated glued graph of a 
finite directed graph G, with its gluing components which are generated by edges 
like above ii'j's, then we can prove the above theorem. Again, notice that if G is 
graph-isomorphic to the edge-iterated glued graph K with its gluing components 
K\, iV'jv, then the total boundary quotient graph G / d satisfies that 

G / 5 = (Ki / 5i) ... {Kn I On) , 

where di, On are total boundaries of Ki, K^, respectively, and where vg 
is the base point vg^ # ... # ua^. 



1.3. Admissible Boundary Quotient Graphs. 

In this section, we will define and observe the admissible boundaries of finite 
simplicial directed graphs and the corresponding boundary quotient graphs. 

Definition 1.5. Let G be a finite simplicial directed graph and let da be a boundary 
of G. The boundary da is said to be an admissible boundary if da is the boundary 
of G satisfying the following conditions; 

(1) there is no admissible finite paths connecting vi and V2, for all pair {vi, V2) 

G da X da such that Vi ^ V2- 

(2) the set da is the maximal subset ofV{G) satisfying the condition (1). 
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We can get that the boundary quotient da is an invariant on finite simpUcial 
directed graphs with its mixed maximal types. First let's show the following lemma. 

Lemma 1.9. Let G he a finite simplicial connected directed graph which is graph- 
isomorphic to its maximal CT -iterated glued graph K of its mixed maximal type 
{{Cn„ CivJ, (Ti, Tr), (1, 1)). //Gi, Gr are full subgraphs of G 
with their type Ti, Tr, respectively, as the gluing components of K, then the 
admissible boundary da of G is contained in ^'j^i V{Gj). In particular, da = 

{V{Gj) n da). 

Proof. Remark that the given graph G is connected. Since G is finite simplicial, 
there is a unique the maximal CT-iterated glued graph K graph-isomorphic to G. 
Let Ki, Kn be the gluing components of K. Then each Kj is graph-isomorphic 
to a full subgraph of G and it is of type Cn, or of type Tj or of type 1. Assume 
that Kj is of type C^j ■ Then, for any pair (vi, V2) in V{Kj) x V{Kj), there always 
exists a finite path connecting vi and V2 in Kj, because Kj is a circulant graph. 
So, da n V{Kj) = 0, for such j. Now, suppose that Kj is of type T. Then da n Kj 
is either empty or non-empty (See the following example). Therefore, 

da = yJUAda n v{Kj,)), 

where Kj^ is of type Tj., for alH = 1, r. | 

The above lemma shows how we can determine the admissible boundaries for 
the simplicial connected directed graphs. The admissible boundary da of a finite 
simplicial connected directed graph G is the subset of the disjoint union of the 
vertex sets of gluing components of type T. 

Example 1.5. Consider the following three non-isomorphic trees Ti, T2 and T3, 
where 

V{Ti) = {vl,vl,vl} and E{Ti) = {e} = vlelv^, e\ = vle\v\} 
V{T2) = {vlvlvl} and E{T2) = {ef = vlelvl el = vlelvD 
V{n) = {vlvlvl} and E(Ts) = {e? = vlelvl el = vielvf}. 

Then the admissible boundaries dai , da2 and das of G\ , G2 and G3 are 

dai = 0, da2 = {v2, V3} and da3 = {V2, V3}. 

So, the admissible boundary quotient graph Ti / dai = Ti and the admissible 
boundary quotient graphs T2 / da2 and T3 / da3 are graphs with 

V {T2 I da2) = {Vl V9^,} and E {T2 / da2) = {ei, 62}, 

where e\ = vfeiVQ^^ and 62 = Vie2Vd^2, and 
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V{n I da3) = {vlva^,} andE{Ts / d,s) = {/i, 
where fi = vq^^ fi vl and /2 = vq^^ /2 vf. 

In the above example, we can observe that the admissible boundary quotient 

graphs T2 I da2 and T3 / daz arc graph-isomorphic, via the graph isomorphism g 
: T2 I dai / da3 mapping vf 1-^ vg^^ and vg^^ ''^i- unfortunately, the 

admissible boundary quotient is not an invariants on the finite simplicial directed 
graphs. 

Remeirk 1.1. The admissible boundary quotient is not an invariant on finite di- 
rected trees and hence it is not an invariant on finite simplicial connected directed 
graphs. 

Recall that we say a finite simplicial directed graph G is of maximal type if it 
is graph-isomorphic to the maximal CT-itcratcd glued graph K and each gluing 
component is of type Cjv or of type T or of type 1. The given graph G is said to 
be of mixed maximal type, if there exists at least one distinct pair {Ki, K2) 
of the gluing components such that Ki and K2 have different types, i.e., if Ki is 
of type Cjv (or T), then K2 is of type T' (resp. Cm)- As we have seen before, 
the admissible boundary quotient da on finite simplicial directed graph is not an 
invariant. However, we can get the following result; 

Theorem 1.10. The admissible boundary quotient da is an invariant on finite 
simplicial connected directed graphs of mixed maximal type, i.e., if Gi and 

G2 are graph-isomorphic finite simplicial directed graphs and if dai and da2 are 
corresponding admissible boundaries of Gi and G2, respectively, then the boundary 
quotient graphs Gi / dai and G2 / dai are also graph-isomorphic. And the converse 
is also true. 

Proof. (=>) Suppose Gi and G2 arc graph-isomorphic and assume that g : Gi 
G2 is the graph-isomorphism. Then, by definition, the map <? is a bijcction between 
V{Gi) and V{G2), preserving the admissibility on Gi. Take the admissible bound- 
aries dai and da2 of Gi and G2, respectively. Since g preserves the admissibility, 
we can get that g (dai) = da2, by the inaximality of dai and da2- Therefore, G2 / 
da2 = 9 {Gi) I g (dai) . They are graph-isomorphic via g' : Gi / dai ^ G2 / da2, 
where 



Remark that V {Gi / dai) = {V{Gi)\dai) U {vg^,}. Since gidai) = dai, the 



isomorphism g is well-determined by g. (Notice that we use neither the assumption 
that Gi and G2 are of mixed maximal type nor Gi and G2 are connected. See the 
next proposition.) 




iiveV{Gi) \ dai 

liv = Vg^^ . 
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(^) Assume that Gi and G2 are not graph-isomorphic. Recall that every finite 
simplicial directed graph is graph-isomorphic to its unique maximal CT-iterated 
glued graph. Take the finite directed graphs Ki and K2 which are the maximal 
CT-iterated glued graphs of Gi and G2, respectively. Suppose that Kj has its 
gluing components Kji, Kjn-, for j = 1, 2. Since Gi and G2 are not graph- 
isomorphic, Ki and K2 are also not graph-isomorphic. In other words, Ki and 
K2 have different types. Assume that the gluing components Kir- are of type T^. 
in {i^ii, Kini} and K2si are of type T^. in {K21, K2n2}- By the previous 
lemma, we have that 

daj= U (5„ n F(i^jvJ) , for j = 1, 2. 

In other words, the admissible boundary quotient daj does not act on the gluing 
components of type Cn- So, the admissible boundary quotient graphs of Gi and 
G2 are not graph-isomorphic, since Ki and K2 have the different type with same 
number of vertices. | 

In the previous theorem, wc show that if two finite simplicial connected directcxl 
graphs with the mixed maximal types are graph-isomorphic, then their admissi- 
ble boundary quotient graphs are also graph-isomorphic. In the next proposition, 
wc will consider the general case when wc just have two graph-isomorphic finite 
simplicial directed graphs (which are not necessarily of mixed maximal type). We 
can easily verify that their admissible boundary quotient graphs are also graph- 
isomorphic, by (=>) in the proof of the previous theorem. In (=>) of the previous 
proof, we did not use the assumption that Gi and G2 are of mixed maximal type. 
Therefore, by (^) of the previous proof, we have; 

Proposition 1.11. Let Gj be a finite simplicial directed graph (not necessarily 
connected or mixed maximal type) and let daj be the admissible boundary of Gj, 
for j = 1, 2. If Gi and G2 are graph-isomorphic, then Gi / dai and G2 / da2 are 
graph-isomorphic. □ 

Again, remark that the converse of the previous proposition does not hold true, 
by the previous example. The previous theorem provides the condition which makes 
the converse of the previous proposition hold true. The condition we found is when 
Gi and G2 are connected and they are of mixed maximal type. 

Example 1.6. (1) Let G = Gi G2 be a glued graph of Gi and G2, with its 
glued vertex V3, where Gi is the graph of type G3 with V{Gi) = {vi, V2, v^} and 
E{Gi) = {ei, 62, 63}, and G2 is the graph of type T, with V{G2) = {fs, v^, v^} and 
E{G2) = {ci = 64 W4, 65 = U3 65 65}. i.e., the graph G has the maximal CT- 
iterated glued graph of mixed maximal type (G3, T). Then the admissible boundary 
da = {^^4; ^^5}- So, we have the admissible quotient graph G / da having its glued 
graph Ki fj=y^ K2, where Ki is the full subgraph Gi in G and K2 is the graph with 
V{K2) = {vQ^, vz} and E{K2) = {/i, /2}, where fi = V3 fx vq^ and f2 = V3 f2 
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(2) Now, let G' = G'l G'2 he a glued graph ofG'i and G'2, with its glued vertex 
U3, where G'l is the graph of type G3 with V{G[) = {vi, V2, V3} and E{G'2) = {ei, 
62, 63}, and G'2 is the graph of type T' , with V{G2) = {vz, W4, W5} and E{G'2) = 
{64 ~ 114 64 wa, 65 = V;, e;, 63}. i.e., the graph G' has the maximal GT -iterated glued 
graph of mixed maximal type (C3, T'). Then the admissible boundary d'^ = {^4, 
V5}. So, we have the admissible quotient graph G j d'^ having its glued graph K[ 

K2, where K[ is the full subgraph G'l in G' and K2 is the graph with V{K2) 
= {vd'^, V3} and E{K2) = {/i, f^]-, where fi = vq'^ fi V3 and /2 = vq'^ fi v^. 

(3) The gluing components G2 of G in (1) and G'2 of G' in (2) are graph- 
isom,orphic, by the previous example. However, the admissible boundary quotient 
graphs G / da in (1) and G' / d'^ in (2) are not graph- is amorphic. 

(4) It is easy to check that the one-flow circulant graphs Gni and Gn2 are graph- 
isomorphic if and only if Ni = N2 inN \ {1}. Moreover, the admissible boundaries 
di and 82 of Gni and Gn^ '^'''^ empty. Therefore the admissible boundary quotient 
graphs of them are Gmi and Gn2 , respectively. Thus, anyway, the boundary quotient 
is an invariant on finite one-flow circulant graphs. 



2. Subgraph Boundary Quotinet Graphs and Subgraph Boundary 

Index 



Let G be a finite directed graph such that |V(G)| < 00 and < 00 (not 

necessarily simplicial and connected). In this chapter, we will define the graph 
index IndaiH) of the graph G with respect to its full subgraph H. To do that 
we will define the subgraph boundary quotient graph of G / Oh, where Oh is the 
subgraph boundary of H. 

Definition 2.1. Let G be an arbitrary finite directed graph and let H be a full 
subgraph of G. Define the subgraph boundary Or by the set V{H) U E{H). 

Now, we will define the subgraph boundary quotient graph G / Or- 

Definition 2.2. Let G be a finite directed graph and H, a full subgraph and let dn 
be the subgraph boundary. Define the subgraph boundary quotient graph G / Oh, by 
the directed graph with 

V{G / Oh) = {vo^} ^ {V{G) \ V{H)). 

and 

E{G I dn) = E{G) \ E{H), 
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with the subgraph boundary quotient; if xi ^ xi in Oh, then identify vqh = xi 
= X2, for all such pair {xi, X2) in Oh x Oh- 



Definition 2.3. By \K\ , we will denote the size \V{K) U E{K)\ of the set V{K) 

U E{K) for all finite directed graphs K. Let G be a finite directed graph and H, a 
full subgraph and let Oh be the subgraph boundary and G / Oh, the corresponding 
subgraph boundary quotient graph ofG with respect to H. The number exp {\G / Oh] 
— 1) = el*-^/^"!"^ is called the subgraph boundary index of G with respect to H, 
and it is denoted by indc{H). 

Let K he a finite directed grapli. Then, since K is finite the cardinahty 

\K\ = \V{K) U E{K)\ = \V{K)\ + \E{K)\ < 00. 

If G is a finite directed graph and H is a, full subgraph of G and HG / du is the 
corresponding subgraph boundary quotient graph, then 

(2.1) IndaiH) exp (|G / dH\-l)< exp \G\ < 00. 

More generally, we can get the following proposition; 



Proposition 2.1. Let G be a finite directed graph and H, a full subgraph of G. 
Then the subgraph boundary index IndciH) = j^dn^X) ' ^'^^'^^ ''^^^''^^ trivial 
graph (i.e., 1 is the one-vertex-no-edge graph). 



Proof. By definition, Lndc{H) — expdG / 9^1 — 1) , where Oh is the subgraph 
boundary. It suffices to show that \G / Oh] = \G\ — + 1. It is trivial by definition 
of the subgraph admissible quotient graph G j dn- Observe that 

\G I dH\ =\V{G I dn)\^\E{G I du)\ 

= {\V{G)\ \V{H)\ + \{v,,}\) + (|£(G)| - \E{H)\) 
= {\V{G)\^\E{G)\)-{\V{H)\ + \E{H)\) + \ 
= \G\-\E\^\. 

Thus we have that |G j — 1 = |G| — \B.\. By taking exponential on both 
sides, we have 

JndG(i?)=exp(|G|-|i?|) = ^. 
For the trivial full subgraph 1, By the very definition, G j d\ = G and hence 

/ndG(l) = exp (|G j dx\-\) = e"! exp |G| , 
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where di is the subgraph boundary of 1. Similarly, Indni^) = e ^ exp \H\ . 
Therefore, we can get that 

I 

By the previous proposition, we can get the following simple results; 

Corollary 2.2. Let G be a finite directed graph and H, a full subgraph in G. 

(1) IndaiH) = 1 if and only if H = G. 

(2) IndaiH) > 1 if and only if H is properly contained in G. 

Proof. The subgraph boundary index IndaiH) is the number exp {\G / dnl — 
1), where dn is the subgraph boundary of G with respect to H. By the previous 
proposition, IndaiH) = /"^"(i) ; where 1 means the trivial graph. 

(1) Suppose that IndaiH) = 1. Equivalently, 

Indail) = Indnil) ^s=^ exp |G| = exp \H\ . 

So, we have that \G\ = \H\ . Since H is a full subgraph of G, ViH) C F(G) and 
EiH) C EiG). Thus the condition says that 

\ViG)\ + \EiG)\ = \ViH)\ + \EiH)\. 

By the disjointness of the vertex set and the edge set, \ViH)\ = |F(G)| and 
\EiH)\ = \EiG)\ , and hence ViH) = ViG) and EiH) = EiG). Therefore, H = 
G. Conversely, if H = G, then 

IndaiH) = IndaiG) = = 1. 

(2) Suppose that IndaiH) > 1. Then, by the previous proposition, we have that 

IndaiH) = > 1 ^ Indail) > Induil) ^ \G\ > \H\ . 

Thus H is proper full subgraph of G. The converse clearly holds true. | 

Proposition 2.3. Let G he a finite directed graph and Hi and H2, full subgraphs. 
Then \Hi\ = \H2\ if and only if IndaiH i) = IndaiH^)- 



Proof. (=^>) Let G, Hi and H2 be given as above. By the previous proposition. 
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(2.2) 




Wc can get that Indn^il) = cxp{\Hj\ - 1) , for j = 1, 2. Since \Hi\ = \H2\ , 
the subgraph boundary indices IndHii^) ^^'^ Indu^i^) coincide. Thus the second 
equality of (2.2) holds true. 

(<S=) Trivial, by the definition of the subgraph boundary quotient index. | 

Let G\ and G2 be finite directed graphs and assume that they are graph- 
isomorphic via the graph-isomorphism g : Gi ^ G2- Let i?i be a full subgraph of Gi . 
Then the image g{Hi) of Hi is also a full subgraph of 6*2. The next theorem shows 
that the subgraph boundary index Ind is preserved up to graph-isomorphisms. 

Theorem 2.4. Let G be a finite directed graph and H, a full subgraph. Suppose 
that the graph G' is graph-is omorphic to G. Then IndaiH) = Indc'iH'), where 
H' is the image of H, of the corresponding graph-isomorphism, in G' 



Proof. Let g : G ^ G' he a, graph-isomorphism. Then g preserves the vertex set 
and the admissibility of G. So, if is a full subgraph of G, then the image H' 
= g{H) of G" is also a full subgraph and moreover H' is graph- isomorphic to H, 
via g^^ \h' ■ Therefore, \H\ = \H'\ . By the little modification of the previous 
proposition, IndaiH) = IndciH'). | 

By the previous theorem, if Gi and G2 are finite graphs and if there exists a 
graph-homomorphism 5 : Gi — > G2 such that (i) g{y{Gi)) C V'(G2) and (ii) g 
preserves the admissibility of Gi in G2. Then we can regard the image g{Gi) of 
G2 as the full subgraph of G2. So, wc can define the index of IndG2{Gi) by the 
subgraph boundary index Indc^ {g(G\)) . i.e.. 



Definition 2.4. Let G\ and G2 he finite directed graphs. Then the boundary index 
IndG2{Gi) is defined by 



Indc^iGi) = exp (|G2 / dg(G^) \ - l) • 




def ( IndG2 (5(^1)) if 3 homomorphism g : G\ ^ G2 
I otherwise. 



By definition, we have the following theorem. 



Theorem 2.5. Let Gi and G2 he finite directed graphs. Then Indc^iGi) = 1 = 
IndGi{G2) if and only if Gi and G2 are graph-is omorphic. 
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Proof. (^) Assume that /ndcalGi) = 1. This means that there exists a graph- 
homomoiphism g : Gi G2 such that the boundary index IndG2{Gi) is the 
subgraph boundary index IndG2 defined by exp ((G2 / dg(Q-^-j) — 1) 

= 1. Since Indc^ (g(Gi)) ~ iTTj-^^^-^rn ^ if this quantity is 1, then IndG2{^) = 
Indg(^Q^){l), and hence G2 = g(Gi). Equivalently, the graph-homomorphism g is a 
graph-isomorphism from Gi to G2. Also, by defining the graph-isomorphism : 
G2 — > Gi, we can get that Inda^ i^g~^(G2)) = 1- So, IndG^(G2) = 1, too. 

{<=) Assume that Gi and G2 are graph-isomorphic with its graph-isomorphism 
g : Gi ^ G2. Then the image g{G\) is the full subgraph of G2, moreover g{Gi) = 
G2. Therefore, 

IndG2W _ exp(|G2|-l) _ 1 
/"rfg(Gi)(l) ~ exp(|9(Gi)|-l) - 

and hence Indc-^ (ff(Gi)) = 1. So, Indc^iGi) = 1- Also, IndG^{G2) = 1, via the 
graph-isomorphism | 

We can verify the range of the subgraph boundary index Indai-) of graph 
G, as a fundtion defined on the set of all full subgraphs of G. 

Proposition 2.6. The image of the subgraph boundary index Indai-), ^ ^ f'^^^' 
subgraph-valued function, is contained in the closed interval [1, el''!"^]. □ 

More explicitly, we have the following theorem. 

Theorem 2.7. The image of the subgraph boundary index Indai-) contained in 
{elGI-'^ :k = l, |G|}. 

Proof. By definition, if iJ is a full subgraph of G, then IndciH) = exp (|G / 9h| 
— 1). Futhcrmore, IndaiH) = /nrf^(i) = ~\h\^- Consider a full subgraph L such 
that ViL) = {v} and -E(i) = {/}, where I is the loop-edge concentrated on v. 
Then IndLil) = d^l-^ = e. Now, let K he a, full subgraph with ViK) = {vi, V2} 
and E{K) = {e}, where e is the edge connection vi and V2, with direction. Then 
Indxil) = el^l-i = e2. If H is G, itself, then we have IndciH) = 1. Also, if H is 
trivial, then IndciH) = el'^l-^ | 

Let's consider the chain of full subgraphs in the given graph G. We denote the 
relation [H is a full subgraph of G] by [H < G\. The finite inclusions 

Ki<K2< ... <K„<G 

is called the chain of full subgraphs. 
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Proposition 2.8. Let G be a finite directed graph and let K < H < G be a chain 
of full subgraphs of G. Then IndaiK) = IndciH) ■ IndniK). 

Proof. We have that 

inaG{J^) - - \lndH{l) J I \IndK(X) j 

= IndciH) ■ IndniK). 

I 

More generally, we have the following corollary. 

Corollary 2.9. Let G be a finite directed graph and let Ki < ... < Kn < G be a 
chain of full subgraphs. Then 

IndciKi) = IV^+l IndK,iKj-i), 
with Kn+i G. □ 

Let Ki < K2 < ■■■ < Kn < G he a chain of full subgraphs. Then we have the 
following dual structure of it; 

(G / OkJ < (G / dK^_,) < ... < iG I Ok,) < (G / Ok,)- 

This is called the dual chain of the given chain. 

Lemma 2.10. Let K < H < G be a chain of full subgraphs. Then iG / Oh) < iG 
/dK). 

Proof. Clearly, IndciH) < IndciK). Equivalently, /nrfif(l) > Indxi'i-)- Also since 
dx C dn, the subgraph boundary quotient graphs G / Or and G / Ok satisfy the 
full-subgraph- inclusion iG / Or) < iG / Ok). I 

The above lemma shows that the dual chain of the chain of full subgraphs is 
well-defined, as a chain of full subgraphs. 

Proposition 2.11. Let K < H < G be a chain of full subgraphs. Then 
Indc I dK iG / dn) = IndniK). 
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Proof. By the previous lemma, we have the full-subgraph- inclusion (G / dn) < {G 
I i9k), as the dual chain oiK < H < G. The subgraph boundary index Indc / Ok 
{G I dn) is determined by 

u / Ok \ I tij Indo / a^W exp(|G / 

_ IndajK) _ ( Inda{l) \ , ( IndG(\) \ _ ( IndcA^-) \ ( IndH(\) \ 
- IndaiH) — \IndK{l) J I {indnil) J {lndK{l) J {indGil)) 

Therefore, Indc / Ok / ^h) = IndH{K). | 



By the previous proposition, generally, we can get that; 



Corollary 2.12. Let Ki < ... < Kn < G be a chain of full subgraphs and let {G 
I dKn) < ■■■ < {G / Oki) be the corresponding dual chain. Then 

Indc I dK, {G I Okj) = IndK^{Ki), 

for all i < j in {1, n}. □ 



Remark 2.1. As we observed before, we can apply the above results to the general 
chain of graphs. Assume that we have a chain of graphs G\ < ... < Gn+i- Here Gi 

< Gi-f-i means that there exists a graph-hom,omorphism gi : Gi Gi+i such that 
gi{Gi) is a full subgraph of Gi+i, for all 2 = 1, .... n. Then we have its dual chain 
(G„+i / ag„(G„)) < ... < {Gn+i I dg^^Gi)) < (Gn+i / 9,(Gi)), whcrc i : Gi ^ 
Gi is the identity graph-isomorphism. Then we have the following boundary index 
relations; 

(1) IndG„^AGi) = n^+2 IndG,{Gj-i). 

(2) Indc^+i I {Gn+i I dc^) = Indc^iGi), for all i < j in {1, n + 1}. 
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